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Introduction

• In universities the study of automatic control is necessary for the

training of future engineers.

• A didactic platform was developed for the study of LQR control in an

experimental way.

• A cd motor was selected because its torque, position and angular

velocity can be controlled only by varying the input current.



Methodology: LQR control for trajectory tracking

The control of linear dynamical systems with quadratic criterion consists of a 

linear dynamical system 

𝑥′ 𝑡 = 𝐴𝑥 𝑡 + 𝐵𝑢 𝑡

And a cost function

𝐽 𝑡0, 𝑥, 𝑢 =
1

2
න
𝑡0

𝑡1

𝑥𝑇 𝑡 𝑄𝑥 𝑡 + 𝑢𝑇 𝑡 𝑅𝐶𝑢 𝑡 𝑑𝑡 + 𝑥𝑇 𝑡1 𝑆1𝑥 𝑡1

Where 𝑆1 and 𝑄 are semi-definite positive matrices and 𝑅𝐶 is a positive 

definite matrix. 



A 𝑢∗ control is sought such that:

𝐽∗ 𝑡0, 𝑥 = 𝐽 𝑡0, 𝑥, 𝑢
∗ = 𝑚𝑖𝑛𝑢 𝑖𝑛 𝑈𝐽(𝑡0, 𝑥, 𝑢)

The 𝐽∗ 𝑡0, 𝑥 function is known the value function of optimal control 

problem, where 𝑢∗ 𝑡 is the optimal control.

Methodology: LQR control for trajectory tracking



Using the Dynamic Programming Technique or the Pontryagin Maxim 

Principle it is possible to obtain optimal control.

𝑢∗ 𝑡 = −𝑅𝐶
−1𝐵𝑇𝑃 𝑡 𝑥 𝑡 → 𝑢∗ 𝑡 = −𝐾𝑥 𝑡

Where 𝐾 = 𝑅𝐶
−1𝐵𝑇𝑃 𝑡 is the feedback gain and 𝑃(𝑡) is the solution of 

Ricatti's differential equation.

𝑃′ 𝑡 + 𝐴𝑇𝑃 𝑡 + 𝑃 𝑡 𝐴 − 𝑃𝑇𝐵𝑅𝐶
−1𝐵𝑇𝑃 𝑡 + 𝑄 = 0
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The augmented system is studied

𝑥′ 𝑡 = 𝐴𝑥 𝑡 + 𝐵𝑢 𝑡 , 𝜉′ 𝑡 = 𝑟 𝑡 − 𝐶𝑥 𝑡

With optimal control signal

𝑢∗ 𝑡 = −𝑅𝐶
−1 ത𝐵𝑇𝑃 𝑡 ҧ𝑥 𝑡 , 𝑢∗ 𝑡 = 𝐾 ҧ𝑥(𝑡)

Where: ҧ𝑥 =
𝑥′ 𝑡
𝜉′ 𝑡

, 𝐾 𝑡 = −𝑅𝐶 ത𝐵
𝑇𝑃 𝑡 , and 𝑃(𝑡) is a solution of Ricatti's 

differential equation: 𝑃′ 𝑡 + ҧ𝐴𝑇𝑃 𝑡 + 𝑃 𝑡 ҧ𝐴 − 𝑃𝑇 𝑡 ത𝐵𝑅𝐶
−1 ത𝐵𝑇𝑃 𝑡 + 𝑄 = 0

Where ҧ𝐴 =
𝐴 0
−𝐶 0

y ത𝐵 =
𝐵
0
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The electrical and mechanical diagram of the DC motor.

Methodology: Modelling of DC motor



Variables Used in the DC motor

Methodology: Modelling of DC motor

Símbolo Variable Unidades

𝑉 DC motor voltage 𝑉

𝐼 Dc motor current 𝐴

𝑅 Armature resistance Ω

𝐿 Armature inductance 𝐻

𝜖 Induced electromotive force 𝑉

𝜔 Angular velocity 𝑅𝑎𝑑/𝑠𝑒𝑔

𝐽 Rotor inertia 𝑁𝑚2

𝑏 Viscous friction coefficient 𝑁/𝑚𝑠

𝜏𝑒 Electromechanical torque 𝑁𝑚

𝜏𝑓 Friction torque 𝑁𝑚

𝑡𝑐 Resulting torque 𝑁𝑚

𝑘 DC motor count



When performing the mechanical and electrical analysis, the equations are arrived at:

𝑑𝜔(𝑡)
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= −
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These equations can be expressed as

𝑥′ 𝑡 = 𝐴𝑥 𝑡 + 𝐵𝑢 𝑡 + 𝐺𝑤 𝑡

𝑥 𝑡 =
𝜔 𝑡
𝐼 𝑡
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,𝑤 𝑡 =
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0
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An SKF static Analyser Baker Dx was used to determine the value of 

resistance and inductance.

For the DC motor constant: 𝑘 =
𝑉 𝑡 −𝑅𝐼(𝑡)

𝜔 𝑡

For the viscous coefficient of friction: 𝑏 =
𝑘𝐼 𝑡

𝜔 𝑡

For the moment of Inertia: 𝐽 =
𝜏𝑘2

𝑅
, where 𝜏 is the time constant, obtained by 

applying a constant voltage to the motor and measuring the time it takes to 

reach 63.21% of its final angular velocity. 
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Graph to calculate the time constant
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Angular velocity of DC motor in simulation and experimental

Methodology: Validation of DC motor parameters

Variable Value

b 33.087 𝜇𝑁𝑠/𝑚

J 11.414 𝜇𝑁𝑚2

k 0.0504

R 12.4522 Ω

L 2.6 𝑚𝐻

Experimentally obtained DC 

motor parameters



Didactic platform composed of a generator-motor and a compact Rio (CRio) data 

acquisition system (SAD) and input and output cards.

Methodology: Didactic platform for the LQR 

Control demonstration



Electrical diagram of the prototype.
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Interface man machine (HMI) where you can control the on or off, of the dc 

motor, graph the speed, current and voltage of the dc motor.
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Program in LabVIEW with which the LQR control was programmed and to be 

able to apply it experimentally in the dc motor.

Methodology: Didactic platform for the LQR 

Control demonstration



Results
DC motor Speed with Simulated LQR Control



Control Signal Speed

Results



DC motor Speed with Experimental LQR Control

Results



DC Motor Voltage and Current Graphs

Results



Conclusions

• This work presented the design of a didactic platform for the study of LQR control for trajectory

tracking in a DC motor, the objective is to control the angular velocity and bring it to a reference

position in real time was achieved.

• LQR controllers are generally applied in simulation, one of the goals of this work is to show the

methodology that was used to be able to apply the LQR control experimentally in a DC motor.

• Simulation of the LQR control was carried out with Matlab software obtaining results similar to

those obtained experimentally, in both cases it was verified that the angular velocity of the dc motor

follows the reference signal in a finite time and with a control signal within the voltage parameters

that the motor supports.



References

Alvarez, M. S. (2012). Modelo matemático de un motor de corriente continua separadamente excitado: Control de

velocidad por corriente de armadura. Guayaquil: Escuela Superior Politécnica de Litoral (ESPOL).

Arulmozhiyal, R., & Kandiban, R. (2012, 10-12 Jan. 2012). Design of Fuzzy PID controller for Brushless DC motor.

Paper presented at the 2012 International Conference on Computer Communication and Informatics.

Dani, S., Sonawane, D., Ingole, D., & Patil, S. (2017, 7-9 April 2017). Performance evaluation of PID, LQR and MPC for

DC motor speed control. Paper presented at the 2017 2nd International Conference for Convergence in

Technology (I2CT).

Gupta, V., & Deb, A. (2012, 4-8 March 2012). Speed control of brushed DC motor for low cost electric cars. Paper

presented at the 2012 IEEE International Electric Vehicle Conference.

Howimanporn, S., Chookaew, S., & Sootkaneung, W. (2018, 15-17 Sept. 2018). Implementation of PSO Based Gain-

Scheduled PID and LQR for DC Motor Control Using PLC and SCADA. Paper presented at the 2018

International Conference on Control and Robots (ICCR).



Sahoo, S., Subudhi, B., & Panda, G. (2015, 12-13 June 2015). Optimal speed control of DC motor using linear 

quadratic regulator and model predictive control. Paper presented at the 2015 International Conference on 

Energy, Power and Environment: Towards Sustainable Growth (ICEPE).

Saraswathy, K., Paul, F. M., & Mathew, A. (2018, 6-10 Jan. 2018). Four quadrant operation of BLDC motor suitable

for DC micro grid for elevator application. Paper presented at the 2018 International Conference on Power, 

Signals, Control and Computation (EPSCICON). 

Taut, M. A., Chindris, G., & Pitică, D. (2018, 25-28 Oct. 2018). PID Algorithm used for DC Motor Control. Paper

presented at the 2018 IEEE 24th International Symposium for Design and Technology in Electronic 

Packaging (SIITME). 

Zhou, H. (2008, 20-22 Oct. 2008). DC Servo Motor PID Control in Mobile Robots with Embedded DSP. Paper

presented at the 2008 International Conference on Intelligent Computation Technology and Automation

(ICICTA)

References



© 2009 Rights Reserved | ECORFAN,S.C. (ECORFAN®-México-Bolivia-Spain-Ecuador-Cameroon-Colombia-Salvador-GuatemalaParaguay-Nicaragua-Peru-Democratic Republic of Congo-Taiwan)

ECORFAN®

© ECORFAN-Mexico, S.C.

No part of this document covered by the Federal Copyright Law may be reproduced, transmitted or used in any form or medium, whether graphic, electronic or mechanical, including but not limited to the

following: Citations in articles and comments Bibliographical, compilation of radio or electronic journalistic data. For the effects of articles 13, 162,163 fraction I, 164 fraction I, 168, 169,209 fraction III and other relative of

the Federal Law of Copyright. Violations: Be forced to prosecute under Mexican copyright law. The use of general descriptive names, registered names, trademarks, in this publication do not imply, uniformly in the absence of

a specific statement, that such names are exempt from the relevant protector in laws and regulations of Mexico and therefore free for General use of the international scientific community. BECORFAN is part of the media of

ECORFAN-Mexico, S.C., E: 94-443.F: 008- (www.ecorfan.org/ booklets)


